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Chapter 1
Introduction

This document serves as an example on how to use the memoir-based thesis template
at the Lehrstuhl für Systemsimulation (LSS).
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Chapter 2
Fundamentals

In this chapter, it is attempted to convey to the reader an impression of the unex-
pected, but beautiful, consequences of abstract mathematics.

2.1 The Case Of Ten-Dimensional Spheres
The sphere of radius r around a center point x⃗ in n-dimensional euclidean space is
defined as the set of points exactly a distance r from that center; consicely

Sr(x⃗) := {y⃗ ∈ Rn | ∥x⃗ − y⃗∥2 = r} . (2.1)

Now, we take 2n of those spheres with unit radius and place them within a hypercube
box of sidelength 4, centered around the origin. The sphere center points hence
become x⃗ = (±1, ±1, . . . , ±1) ∈ Rn. Now, at the origin, we place a smaller sphere
that just fits within the open space between the large spheres. This setup in two
dimensions is illustrated in figure 2.1.
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Figure 2.1: Boxed spheres in 2 dimensions

By the Pythagorean theorem, we find the distance of each sphere’s center to the
origin to be

d :=
√

(±1)2 + · · · ± 1)2 =
√

n. (2.2)

3



2. Fundamentals

Thus, we also obtain the small, central sphere’s radius:

s :=
√

n − 1 (2.3)

In two dimensions, this obviously becomes
√

2 − 1 ≈ 0.414. In three dimensions,
packing a small ball between eight unit balls, we obtain s =

√
3 − 1 ≈ 0.732. The

small sphere appears to be growing at an alarming rate. Indeed, in four-dimensional
space, as s =

√
4 = 1 = 2 − 1 = 1, it is already as large as its containing spheres!

And it’s still growing larger.
Figure 2.2 extrapolates the consequences of this wild growth. Remember now

that within our enclosing hypercube, it is always only a distance of two from the
center to the boundary. Now, consider nine dimensions: With n = 9, the central
sphere’s radius becomes s =

√
9 − 1 = 3 − 1 = 2. It has reached the boundary, and

is now preparing to break out of this geometric prison we tried to hold it in. With
n = 10, it reaches a radius of s ≈ 2.16, and the walls are breached.
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Figure 2.2: Wild growth of enclosed spheres

But how is this possible if the small sphere still touches all of the large spheres
in the center volume, by construction? The answer challenges our everyday under-
standing of spheres as perfectly smooth, round objects, because in higher dimensions,
spheres develop spikes. They squeeze through the gaps between their larger neighbors,
seeking daylight. And there it seems inhumanly cruel of us that we tried to confine
such a marvelous object. Shame!
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Appendix A
Sample Appendix

Sample citation: [1].
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